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Exercise 1 (8pt). Inequalities 11

[ Justity your answers |

e Letv e LI(RY), w € Hf(RS). For which 1 < p < oo is it true that for any u € LP(R?),
uxvsw € L19(R3)? [Recall that Sobolev’s embedding H?(RY) & L (R9) implies that
1A e < CIS3 H?| for any f € H? (R%).]

o Letu € H*(R),v € H2(R). Does u * v € L*(R)? [Hints: |u * vllo < [[(u* )|, (why?),
and 1 = (£)7%(&)° forany § > 0and & € R.]

Exercise 2 (7pt). Characteristic functions

Prove that the characteristic function y_, ,; of the interval [-g,¢] (¢ > 0) does not belong to
H?(R), % < § < 1, but it belongs to H°(R) for 0 < § < %

Exercise 3 (15pt). Contractions
Let X = HY(RY), & (I) = C°(1,X). Consider the map A(ty,upy), ty € R, uy € X, defined as:
Yue &)

[A(ty, ug)ul(t,x) = =0 yq(x) — i : TN (V ok u(t)) (x)u(T,x)dt ,

where V € L?(R%). For any g > 0, find T'(g) > 0 such that for any u, € H': |ju, ; H!|| < g, then
Al(ty, ugy) 1s a strict contraction on B(I,29), where I = [ty — T (0),to + T(0)].
More precisely, you should prove the following steps (if you are not able to prove one, you may

use it to prove the following ones):

o Prove that the gradient acts on (f * g),f € L?> and g € H', as follows: V(f x g) = f * (Vg)
[fint: use the properties of the Fourier transform]. Use this information to deduce that for
anyf € L?> and g,h € H' (be careful to a factor two coming from |la + b||> < 2(|lal® + |bII*)):

2 2 2 2 2 2
|(Fx)h s HY™ = 25V (F )l + (£ )Rl < 52 (1(F % (V) Rl +I(f%2) VAL ) +[1(F )5 -
The last bound implies
I(f = g)h s H'| < ﬁ(”(f 5 (V@) Al + 1(F @) VEl,) + I(F * @), -

e Use the above bound to prove (remember that a,b; — a,b, = a;(b; — b,) + a,b, — a,b, =

a;(by — b,y) + (a; — a,)b,) that for any ¢t > ¢, (for t < t, being analogous) and for any
1



u,u, € L():

Ao 401160 = [A s )t }(1) 5 H'L < 2=V [} (19 (11 (7) = a ()
(I (Ol + iz (7)) + (I (Dl + 1Viea (2) )ty (7) = w2 (7)1
V277 (g ()l + ity (T) ) ey () - uz(T)”z)dT :

From this conclude, taking the supremum for ¢ € I on both sides, that
A (tg, ug)uy — Altg, )], < ﬁ”vnz(mﬂl + luply) (2 + ‘/EW)T(Q)WI — Uy,

< 224+ m)IVILT (0)luy — uyl,; -

e Choose the time T'(g) in the above expression that gives a strict contraction estimate (with
contraction constant %) Then check that from this choice it also follows that A (¢, ug) u maps
B(1,2p) into itself (use the fact that |A(ty, ug)ul; < €70 ugl, + |A(ty, ug)u — A(ty, up)0),).



